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Abstract. 

For this quarter of century, differential operators in a lower dimensional submanifold embedded or 

^— V , immersed in real n-dimensional euclidean space E" have been studied as quantum mechanical models, 

f^ ' which are realized as restriction of the operators in E" to the submanifold. For this decade, the 

^SJ , Dirac operators in the submanifold have been investigated in such a scheme , which are identified 

^ . with operators of the Frenet-Serret relation for a space curve case and of the generalized Weierstrass 

ii ' relation for a conformal surface case. These Dirac operators are concerned well in the differential 

geometry, since they completely represent the submanifolds. In this and a future series of articles, we 
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will give mathematical construction of the differential operators on a submanifold in E" in terms of 
O-module theory and rewrite recent results of the Dirac operators mathematically. In this article , we 
will formulate Schrodinger operators in a low-dimensional submanifold in E". 
^ ■ MCS Codes: 32C38, 34L40, 35Q40 
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§1. Introduction 

Recently it becomes recognized that the Dirac operators play important roles in geometry e.g., 
J> ] differential, algebraic, arithmetic geometry and so on. Pinkall gave an invited talk in the inter- 
national congress of mathematicians in 1998 on the relation between immersed surfaces in three 
and/or four dimensional euclidean space E", (n = 3,4) and Dirac operators, which was worked 
^^ ' with Pedit [PP]. They constructed quaternion differential geometry and reduced the Dirac opera- 
tors, which exhibit the geometrical properties of the surface. The Dirac operators of E" (n = 3, 4) 
also had been discovered by Konopelchenko in studies on geometrical interpretation of soliton the- 
ory [Kol, 2, KT] and by Burgess and Jensen [BJ] and me [Mat3, Mat4] in the framework of the 
quantum physics. Further on case of E^, Priedrich obtained it by investigation of spin bundle [Fr]. 

Our Dirac operator is purely constructed in analytic category as we will show and is directly 
related to index theorems [Mat2, Mat3, TM]. Thus I believe that it is important to reformulate 
our works in the framework of pure mathematics and to translate them for mathematicians. In 
this and a future series of articles [II], I will mathematically formulate the canonical Schrodinger 
operator and Dirac operator on a submanifold in E". Indeed, there have appeared similar studies 
5^ I [DES, FH, RB] only on the Schrodinger operator case but it does not look enough to overcome 
several obstacle between physics and mathematics. 

The submanifold quantum mechanics, which I called, was opened by Jensen and Koppe in 1971 
[JK] and rediscovered by da Costa in 1982 [dC]. They considered a quantum particle confined in a 
subspace in our three dimensional euclidean space E'^ which can be regarded as a low dimensional 
submanifold by taking a certain limit. (Since confinement of quantum particle into a subspace is 
realized in a certain case [DWH], their investigation is not so fictitious.) They found a canonical 
Laplacian by constructing the Schrodinger equation in the submanifold, which differs from the 
ordinary Beltrami-Laplace operator [dC , JK]: For a surface embedded in E"^ case, the submanifold 
Laplacian Ag^igs is expressed by 

-As^E^:=-As-{K-H), 
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where Ag is a Beltrami-Laplace operator, K is Gauss curvature and H is the mean curvature of 
S. For a curve C in E^ case, we have 



-Ar^^E3 :=-Ar7--/c^ 
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where A^; is a Beltrami-Laplace operator on C and k is curvature of the curve. 

However submanifold quantum mechanics needs very subtle treatments. In fact, there are several 
different types of theories of quantum mechanics for submanifolds. For example, it is well-known 
that restriction of quantum particle can be performed using Dirac constraint quantization scheme 
[Dir2]. Let an equation / = represent a hypersurface in n-dimensional E". We can apply the 
Dirac constraint scheme [Dir2] to this system with a constraint / = 0. Alternatively we can also 
deal with / = constraint, where dot means derivative in time t [INTT]. These results differ; 
/ = case agrees with the results of Jensen and Koppe [JK] and da Costa [dC] whereas / = does 
not. Since the results of Jensen and Koppe [JK] and da Costa [dC] connect with fruitful results 
such as the generalized Weierstrass equations as we will show in the introduction in [II], / = 
case is very natural but / = case is not. In fact as a physical problem should be determined by 
local information, the constraint / = consists only of local data whereas / = contains global 
information and is a fancy constraint from physical viewpoint [INTT, Matl]. 

Accordingly when we make a theory of a submanifold quantum mechanics, we must pay many 
attentions on its treatment. 

The self-adjoint operator is one of objects to need attentions. In order to show importance of 
self-adjoint operator rather than canonical commutation relation (or generating relation of Weyl 
algebra), let us consider a radial differential operator of polar coordinate in E" — {0} [Dirl,SM]. For 
n = 2 case, a point of E^ — {0} is expressed asx = {r,6), 6 £ [0, 2tt) and r G R>o := {r G M| r > 0}; 
M is a set of real number. Then even though \/—ldr '■= \/—ld/dr is satisfied with the canonical 
commutation relation [\/—ldr,r] := \/—ldrr — r^J—ldr = \/— 1, the operator ^J—ldr is not self- 
adjoint if we use induced metric of E^; 



Jo 

where Va (o = 1,2) which is a smooth function over IR>o and vanishes at origin r = and 
asymptotically at r = oo. (Here we have assumed that a function ip over E^ — {0} is expanded as 
(/9 = ^ V' exp(-v/— In^), where V''s are depend onl y on r.) We can hermitianize it by two ways 
[Dirl,dC]. First we will define an operator yJ—Wr '■= V~^{dr + 1/(2?")), then [y/—l'Vr,r] = ^/^ 
and 



r(irV'i(r)v— lVr^2(^) = / rdr{\' — l\7r'(pi{r))ip2{r)- 
Second is that we will deform the function space such that ^a '■= V^ipa and we obtain the relation. 



dr*i(r)V^(9r*2(r) = / (ir(V^(9r^i(r))*2(r). 
Jo 

This transformation is well-known in theory of ordinary differential equation s as a transformation 
from non-self-adjoint form to the self-adjoint one of Sturm-Liouville operator case (p. 424 in [Arf].) 
It is not difficult to prove that there is a ring isomorphism between a differential ring generated by 
\/—lVr and represented a vector space {'tp} and that generated by \/—ldr and represented over 
{^}. In this article we will consider them in the framework of D-module. 
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Even though, \/— IV^ is self- adjoint, \/— IV^ is not observable in general; the ordinary Schrodinger 
operator can not be expresse d by the spectral decomposition using eigen vectors of operator ^/—IVr 
[Dirl]. (For example, radial momentum in hydrogen atom can not observed.) However by an ap- 
propriate confine potential with infinite height, we can confine a quantum particle in a thin ring or 
thin surface; mathematically speaking, we can impose a Dirichlet boundary condition and restrict 
support of functions or the domain of the Schrodinger operator [dC, DES, JK, SM]. Then normal 
mode for the codimensional direction in the ordinary Schrodinger equation, which is expressed by 
(bilinear of) ^/—IVr is well-defined and \/— IV^ behaves as momentum operator. (In meso-scopic 
quantum mechanical system, normal mode can be observed as subband state [DWH].) 

Let us take a squeezing limit so that thickness of subspace or support of functions is negligible 
and the subspace can be regarded as a lower dimensiona 1 submanifold S itself. Then we can argue 
a system of differential operators defined over the subspace; a self-adjoint differential operator along 
the normal direction can be constructed similar to \/— IV^. By integrating the hamiltonian over 
the normal mode, we obtain a submanifold quantum mechanics. This procedure is similar to the 
techniques to get the Thom isomorphism using Berezin integration method [BGV, Y]. 

However it is not easy to justify such squeezing limit including Dirac operators using concept of 
Hilbert space even though Duclos, Exner and Stovicek attempted for Schrodinger operators [DES]: 
In squeezing limit, we must evaluate divergence of eigenvalue of normal direction. 

Thus in this article, I will make an attempt to reformulate it using D-module theory. In fact, 
Sato said that to study noncommutative system sometimes needs an appropriate topology instead 
of ordinary topologies which are used in the operator algebra, e.g., weak topology in Hilbert space 
[S]. Further in the submanifold quantum mechanics, we need a restriction of the differential operator 
while the restriction is the most natural concept in the sheaf theory and P-module theory is based 
upon the sheaf theory. Thus I believe that my attempt is more natural than others approaches to 
the submanifold quantum mechanics. 

The 2?-module theory was began by Sato as a algebraic analysis [Bjo, K]. For a noncommutative 
ring PjEn of differential operators over n-dimensional parameter spaces and a given differential 
equation Pu = for P G D^" , let us consider a left Pe" -module 

Then the ring homomorphism of A^e" to a function space such as analytic function space C^n is 
ring isomorphic to solution spac e of the equation Pu = [Bjo, Cou, HT]. For a more general case, 
above quotien t space is replaced with a coherent module. In the D-module theory, the differential 
operators on a submanifold have been studied in detail. However in these studies, our differential 
operators in submanifold quantum mechanics have not ever appeared as long as I know. 

The algorithm to construct the submanifold quantum mechanics in P-module theory for a hy- 
per surf ace S in n-dimensional euclidean space E" is as follows. 

(1) We construct a quantum equation and its related PE"-iiiodule A4e" in E" with the natural 
metric, e.g., for the free Schrodinger equation, — Ae"V' = 0) A^E" = ^e"/(^E"(~^E"))! 
Here 2?^„ := C^™ [9i, • • • , 9„], C^„ is complex valued analytic functions over E" and Ae" is 
the Beltrami-Laplace operator in E". 

(2) We embed (or immerse) a real analytic hypersurface S in E", whic h is given by an equation 

/ = o. 

(3) We find a local system along a tubular neighborhood Tg of the submanifold S and calculate 
the inverse image M.Ts of -A^e" to Ts and A^^ := Ae" [ts for Tg ^^ E". 

(4) We find a self-adjoint operator \/— 1V|^ along the normal direction of S over an open set 
U oiS. 



(5) We define a quotient module Ais^^Ts by an exact sequence, 

> Mts\s — ^ MtsIsS > Ms^E^ — > 0. 

(6) Ms^E" is a coherent Ds-niodule related to submanifold quantum mechanics over the 
submanifold S. We will define a submanifold quantum mechanical operator Ag-^E" by the 
exact sequence, 

— >Vs ^-^"^ Vs -^ Ms^E^ — > 0. 



This scheme does not need any limit procedure and avoid the disease of divergence. (5) and (6) 
can be rewritten as follows if you choose a local coordinate system, 

(5') We will define A^^t^ := A^^^l^ and A^-^e" := Ag^^^gl /^y^sa^^q for a standard form of 

As^Ts ) where all V| are put right side of each terms of As^Ts ■ 

Physically speaking, these processes are naturally performed when we introduce the confinement 
potential along the submanifold with the same thin thickness [dC, JK]. 

Contents are as follows. In §2, we will quickly review P-module theory and sheaf theory. In §3, 
we will define the adjoint operator using Hodge * product, though it can be defined using extension 
in the cohomology theory. We will introduce the half-from and the self-adjoint momentum operator. 

In §4, we will define the Schrodinger operator in a lower dimensional submanifold in E" and give 
theorems. 
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§2. Foliation and DM-Module 

Although we will not construct a theory in the category of differential geometry whose morphism 
is (C°°)-diffeomerphism, we are concerned with differential geometry and physical system rather 
than merely algebraic structure. Accordingly we will treat real analytic objects in this article. 
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Let M be a real n-dimensional analytic manifold without singularity and C^ is a structure sheaf 
of real analytic functions over M; (M, C^) is an algebraized analytic manifold. A sheaf S (of sets) 
over a topologica 1 space X is characterized by a triple {S, vr, X) because it is define d so that there 
is a local homeomorphism tt : S ^ X [Mall]. In this article, we choose M as such a topological 
space X. Economy of notations make us to denote S := (5, vr, M) for abbreviation. Further we wil 
1 write a set of (local) sections of 5 over an open set U of M as S{U) or T{S, U). Using the category 
equivalence between category of sheaves and category of complete presheaves (due to theorem 13.1 
in [Mall]), we will mix them here. 

Notations 2.1 (Sheaves). [Mall, Mal2, Bjo] 

(1) Complex fication of C^ is denoted byC^. 

(2) Let us denote a sheaf Cm consisting of a locally constant functions C over M . Similarly 
Mm ^M; ^2m ^'^'^ •50 on. 

(3) 1m means a unit element sheaf of multiplicative group sheaf C^ o/Cm- 

(4) If £ is a finite rank of locally free C^ -module, we call it a vector sheaf. 

(5) The tangent sheaf over M , which is a vector sheaf, is written as 

)M:=Der^^{CXt):={9\9{fg) = 9{f)g + feig), (/, 5 G r(C/,C^)), U C M{open)}. 

(p.l8 1.2.7 in [Bjo]) 

(6) The complex valued tangent sheaf is 

G^ = DercM(C5ff):=eM®C. 

(p.l8 1.2.7 and p.281 in [Bjo]) 

(7) Let us denote the sheafification of homomorphism of A-module sheaves Ai and M' over M 
by TComji^{Ai,Ai'). Similarly th e sheafification of endomorphism of A-module sheaves M 
over M by 8ndj^{M). (p.l33-p.l44 in [Mall]) 

(8) A locally constant sheaf Cm over M , called local system, is defined so that its stalks are 
finite dimensional real vector spaces M™. (p. 22 in [Bjo]). 

(9) A group sheaf generated by the presheaf, 

[/ ^GL(n, C^)(C/), 

is denoted by general linear group sheaf QC{n,C^), where U is an open set of M and 
GL(n,C^) is general linear group for C^{U)-valued n-matrix. (p. 285 in [Mall]) 
(10) A sheaf homomorphism as group from QC{n,C^^) to C^ is denoted by det. (p.294-p.295 in 

[Mall]) 



Proposition 2.2. 

For each point p £ M , there exists an open neighborhood Up aroun d m with a local coordinate 
system {x^, 9i}i<i<„ satisfied with, 



x, £ T{U, C^), eMiU) = T{U, Ctt)di, [9„ X,] = d^Xj - Xjd, = hj 
Proof, see [Bjo] p. 11 proposition 1.1.18 and p. 17 remark under definition 1.2.2. D 



Definition 2.3. (1.2.8 in [Bjo]) 

In a chart, we write sections 6 and 5' in Qm(U), 5 = J2i fii^)(^i! ^' — J2i9ii^)'^i! where U is 
an open set of M , f 's and g's are in C^{U). The commutator is defined by 

[S, S'] = ^ {fvdv{gu)du - gudu{fv)dv) , [S,g] = ^ fvdv9- 

u,v u,v 

Definition 2.4 (Diff"erential Ring Sheaf). [Bjo, TH] 

We will denote the subring sheaf Dm of £nd^j^{CM), which is generate d by the complete 
presheaves T{C^^ U) and T{Qm-, U) and has local expression, 

t{u,Vm)= r(t/,C5^)a°, 

where 3° = d^^d!^^ • • • 5°" G r(eM, U). We will define Vm^ as Vm C. 

Remark 2.5 (Standard Prom Representation). [Bjo] 

The local expression is based upon the standard form representation, which is, for any P £ 
T{U,'Dm), given as, 

P= Y. ««^°' a^^CXtiU). 

Definition 2.6 (Filter). [Bjo, TH] 

Let us define the filter F associated with rank as a sheaf morphism by complete presheaf generated 
by the sections for an open set U of M, 

[FiVm){u)= Y. r(c/,c^)9", 

\ci\<l, aeN" 

where \a\ = X^iO;*- Further for an open set V of M, the filter Fi of Dm is defined as 

{FiVm){V) := {P G Vm{V) \ puvP G Fi{Vm{U)), {U C V)}, 
where puv is a restriction associated with the complete presheaf Dm- 
Proposition 2.7. 

(1) Fi is increasing filter and defined over M ; 



'Dm= \J FiVm, FiVm C FmVM, for / < m. 



m€r 



(2) FoVm = Ctt, {FiVm){F^Vm) = Fi+^Vm as Ctj-module. 

(3) For P G FiVm and Q G F^Vm, [P,Q] G Fi+^_iVm, where FiVm = for I < 0; 
symbolically 

[{FiT^m), {FmT^M)] C Fi^m-lT^M- 

(4) We will define a symbol, grVM '■= ®i=q{FiVm)/{Fi-iVm)- Then grD^ is a commutative 
ring and is regarded as a commutative C* algebra. 

Proof [Bjo] p.l7-p.l8 and [TH] D 



Definition 2.8 (Diff"erential Form), (p. 240 in [Mall]) 

(1) We will define the duality fl\f := 7iom{@M,C'^) generated by u){9) G C%j{U) for to G 
T{U,Q\^) and 9 G T{U,Qm) where U is an open set of M . 

(2) Let Qm be a sheaf of differential form as a graded commutative ring generated by ^m, 



^M= U ^ 



P 



rraG/>o 



where i7^ is set of p- forms and Q,\^ = {q > n) vanishes: Z>o := {n G Z | n > 0} 
(3) The exterior derivative is expressed by d : O^ -^ Q,^ . 



Definition 2.9 (Lie Derivative). [TH,W] 

For an open set U of M and 6 G @MiU), the Lie derivative Lie^i is defined as follows: 

(1) forfeT{U,C%,),UeeAf) = eif. 

(2) ForOa G @m{U) (a =1,2), Lie,,(02) = [^1,^2]. 

(3) ForOa G Qm{U) (a =1,2) andco G nlj{U), Lie,, (1^(03)) = {UeeM){92)-^{Uee,{e2)) = 

e,iu;{e2))-ioi[ei,e2]). 

(4) For 9a £Qm{U) (a = 1,- ■ ■ ,n) and lo £ n"^{U), Uee{uj{9i,e2- ■ ■ ,9^)) = 0(c^(0i, ^2 • • • , 

Proposition 2.10. 

For an open set U of M, f G C^([/) and lo G Q,^{U), LiefeLO = Liee fuj. 

Proof. Direct computation shows it [TH]. D 

Definition 2.11 (Right Action). ([TH], [Bjo]) 

The left action of 9 of section of Q{U) for an open sets U of M is defined by 

uj ■ 9 := —{Liee)^-, 

where uj G ilj^([/). 

Definition 2.12 (Integrable Connection). ( 1.2.10 in [Bjo]) 

Let T be C^ -Module. PutZ[T) := 7iom^j^{T,J-). A global section V ofTComc^ {Qx,T{J^)) is 
called an integrable connection on T if the following holds for any open set U of M: 

(1) For a G C^iU) and f G TiU), Vs{af) = 6a ■ f + aVs{f). 

(2) V[s,5'] = [V5,Vs']. 

(3) V is involutive, i.e., [V5,V5/] is a commutator inI{J^). 

Definition 2.13 (Category). (1.1.24 and 1.2.11 in [Bjo]) 

(1) Denote by Mod (Vm) the category of left Vm -"module . 

(2) Denote by Mod(C^) the category of C^ -module. 

(3) for is the forgetful functor from Mod {T>m) to Mod(C^j). 



Proposition 2.14. (1.2.11 in [Bjo]) 

Consider the category A whose objects consist of pair {J\f, V), where N G Mod(C^) and V is an 
integral connection on J\f . Morphisms are defined as follows: 

Rom^iiAf ,V),{Af' ,V)) = { if e nomc^JAf,Af') \ V o ^p = ^p oV }. 

Then Mod {T>m) dnd A are category equivalent by the functor fi : Mod ("Dm) -^ A for which 
tJ-{M) = (for(A^), V) where Vs{m) = 6{m) for every 6 G @m and m £ M £ Mod^(PM)- 

Proof [Bjo] p. 19 Theorem 1.2.12. D 

This means that we can find an object in Mod {'Dm) for any an integrable connection set (V, M). 

Definition 2.15 (Horizontal Section). (1.3.7 in [Bjo]) 
The left annihilator of 1m be denoted by. 

Annv^lM) := {P£Vm\ P{\m) = }. 

For every M. G Mod {T>m), we introduce RM-'m-odule, called the sheaf of horizontal sections of Ai, 

hor(7W) ■.= 7iomv^j{VM/Annv^{lM),M). 

Then we have 

M^C%i ®K^ hor(7W), VM/Annv,,,ilM) ~ FqVm ~ C^. 



Proposition 2.16 (Connections). (1.3.9 in [Bjo]) 

(1) For a local system Cm, the left VM-fnodule C^ <^Rm ^m is denote by Con(£M)- Let a set 
of local systems Cm be £,m and Con(I?M) '■= {Con(£M) j-^M G ^m}- ^m and Con{VM) 
are category equivalent due to the relation; for Cm, C!m ^ ^m 

7iomT>^{Con{CM),Con{C'M)) = TioniR^ {C m , ^C'm) ■ 

(2) For a local system Cm, there exists a correspondence, 

HomvM{'^M/AnnvM{^M),CM) = C^m, 

where 

Anmy^^iCM) := {P(^Vm \ P{Cm) = }. 



Proof. [Bjo] p.22-p.23. D 

If Cm is a subset of Qm, this theorem is essentially the same as the Frobenius integrable theorem 
[Mal2]. The local system can be regarded as distribution in the terminology of differential geometry 
[W]. 



Let S* be a real analytic submanifold without singularity of the manifold M . For a point s £ S, 
there is an open neighborhood of s, there exist real analytic functions Qi,- ■ ■ , Qd G C^ such that 

SnU = {sCU\Qi{s) = --- = Qdis) = 0}, 

where d = n — k. 

Let the natural embedding be expressed hy is '■ S ^^ M. Then for a sheaf J-' over M, we will 
define T\s '■= I's ^ ■ 



Definition 2.17 (Inverse Image of 2?M-module). 

The sheafVs^M over S is defined as Vs^m = Cs '^C" \s (^Af Is) 



If we will assign the local coordinate of open neighborhood of a point s G S* C M, q^ = q^ 
■ = q'^ = 0. Locally Vs^m is exxpressed as, 

Vs^M = 'DM\s/{q\'DM\s) + Q^'DmIs) + ■■■ + ^''(PmIs))- 



Next we will introduce the Riemannian metric in sheaf theory along the line of the arguments 
of Mallios [Mall, 2]. 

Definition 2.18 (Ordered Algebraized Space). (Definition 8.1 in [Mall]) 

Let A be a real ring sheaf whose local sections are real valued. Suppose the (M, A) is algebraized 
space and A~^ is a subsheaf of the real rin g sheaf A, whose local sections are positive real valued. 
{M,A,A'^) is an ordered algebraized space, viz, for a any local section A G ]SJ^^{U), XA~^{U) C 
A+{U), A+{U)+A+{U)cA+iU) andA+{U)A+{U)cA+{U). 



Then it is obvious that there exists an ordered algebraized space (MjC^jC^ ). 

Definition 2.19 (Inner product module), (p. 318 in [Mall]) 

Suppose that {M,A,A'^) is an order algebraized space and £ is A-module. We say that (SjQs) 
has an A-valued inner product and {£,Q£) is an inner product A-module on M , if a sheaf morphism 
Q£ : £ (B £ ^ A is satisfied following conditions: 

(1) Q£ is a A bilinear morphism. 

(2) Q£ is positive definite; for any local section s G £{U) over an open set U , Q£{s, s) G A'^{U) 
such that Q£{s,s) = if and only if s = in £{U). 

(3) Q£ is symmetric; for any local two sections s and t of £{U) over an open set U, Q£{s,t) = 

Definition 2.20 (Riemannian metric), (p. 320 in [Mall]) 

We say that an order algebraized space {M,C'^,C'^~^) has a Riemannian metric {Qm,Qm) os a 
sheaf morphism qm '■ ©m -^ ^m ^/ *^ ^-^ satisfied with following conditions 

(1) The sheaf morphism Qm '■ ©M -^ ^m ^-^ C^ -isomorphism. 
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(2) Using the natural duality @m © Q]^ -^ C^, Qm is extended to C^ -valued inner product 
Qm ■ ©M © ©M -^ C%j. 

(3) The action of 9 & Qm is defined by 



e5M{0i,02) = dM{e9i,e2) + 9Mi 



n)- 



Here we will note strictly fine sheaf , which is used in the definitio n of the Riemannian module 
in [Mall] in the category for sheaves of smooth functions C^ . By using forgetful functor from the 
category of C^ to that of C^, it turns out that image of the functor is a subset of strictly fine 
sheaves [Mall]. Hence above definition is not contradict with that in [Mall]. 

Further we will define a morphism 

Qm '■ ^M ~^ ©M, 

as Qm ° Qm = ideM and 0m ° Qm = id^i . Then due to their duality, Qm ■ ^m © ^m ~^ ^m- 

Since analytic manifold M is given by a solution of a certain differential equations and we assume 
that our considered manifold M has no singular, from proposition 2.16, it has a local coordinate 
system. Using local frame {x'^)a=i,--- ,n, as the duality is expressed by < dx°-,ds >= S^ and Q^ is 
decomposed as @x = J2i C^di where germs of ©m, C'^ at x, we can express it 

9Mi,j = 9M{i,3) ■■= QMidi,dj), 
and thus 



}M 



= QMijdx' Oc- dxK 



Since Qm can be realized as a section of QC{n,C%f), there is a map det : QC{n,C''^) -^ C^, we will 
denote qm ■= det{gM{i,j))- 

Definition 2.21 (Normal Sheaf). 

Let us define the normal sheaf Qg as Cg -module sheaf by the exact sequence, 

^ ©S ^ /^s'©M ^ ©5^ ^ 0, 

and the integrable connection of@g± as Vg G Tiomc^iQsT^i&s^))- 

Lemma 2.22. 

Let ilgj^ := Ann ^-1^1 (©s) = {lu €z ig il^ I for\/9 G ©s, uj{9) =0 }. Then we have a natural 
correspondence 

Sm(^5x) = ©S^- 

By applying the proposition 2.14 and 2.16, we obtain the theorem. 

Theorem 2.23 (Existence of Tubular neighborhood). 

Suppose {S, Cg) is a k-dimensional non-singular real analytic algebraized submanifold of (M, C'^): 
is '■ S '^^ M. We have a tubular neighborhood {Ts,Cj- ) of S satisfied with following conditions, 

(1) Ts is an open set of M, whose dimension is the same as M as a manifold, such that there 
are natural real analytic inclusions, is '■ S ^^ Ts, and ixg '. Ts ^^ M , where ts = ixs ° is- 

(2) There is a real analytic projection from Ts to S, ttts '■ ^s ^ S such that ttt^ ° is = ids ■ 
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(3) The tangent sheaf of Qts ^^ ^Ts — ^t^^m ind has a direct decomposition as a Cf, -module, 

where ig QJp = Qg and i^ @^ = @s^ ■ 

(4) CJp is a local system over Ts such that VM-tnodul e Mj. := Annx)^ {Cj, ) is generate d 



l-S' 

by Q}p and, whose local sections are given as T{U,Cj: ) = r([/, MJ" ) for any open set U 
in Tq . 



Proof. Using proposition 2.16 and the fact that M has no singular, we can prove them. However 
they are also proved in concepts in Frobenius integrability theorem [AM, Mal2, W] and complete 
parallelism [Mal2] p. 136. Later is familiar for differential geometrists. D 



Remark 2.24 (Tubular neighborhood). 

(1) Ts has a foliation structure and {£,\, , ttts, S) is a sheaf over S. 

(2) For the metric Qm of M, Ts and S have the induced metric i^^S ^^'^ ^s^0 respectively. 

(3) We can define a local coordinate system of a open set U oi Ts'- p £ U, p is expressed by 

(s^,--- , s'^ , q'^^-^ , • • • ,q"'), where (s^,--- ,s'') is a local coordinate system of S by ttt^U . 

Then C}p [U) is characterized by a constant section {qk+a)a=i,--- ,n-k £ I^aZ (^) ^^^ ^^" 
hibits a leaf of foliation. 



53. Self Adjoint Operator 



Let Mod Vm and Mod Vm be abelian category of left and right PM-modules. 
Proposition 3.1. 

(1) For Ai € Mod T>m, if we define the action of tangent sheaf Qm to Ai ©c'^ ^m ^^ 

{m uj)9 := —{9m) i^ uj + m<^ coO, 

where m ® uj £ M. ©c'^ ^M' ^ ^ ^m, then M. (^c^ 51^ can he regarded as the right 
Vm -'module. 

(2) i7^ can he regarded as the isomorphism as abelian category, which maps 

QIj : Mod^VM -^ Mod^VM- 



According to the arguments of Mallios [Mal2, p. 343], we will introduce the Hodge *-operator, 
volume element and Beltr ami-Laplace operator. Hereafter we will sometimes use Einstein conven- 
tion; we will sum over an index if it appear twice in a term. 
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Definition 3.2. [AM, Mall, N, W] 

Let {M,C^,C^'^) be a non-singular analytic manifold endowed with the a Riemannian C^- 
niodule (Qm^Qm)- M^e have the Hodge operator as an element of automorphisim ofQ^j 

* • OP ^ n"-P 

By local chart U, the metric is expressed by qm = gMi,jdx^ ® dx^ over U , there If"^ is the inverse 
matrix of QMij, and its determinant is expressed by qm '■= d^^OMij, then the Hodge operator is 
represented by, 

* : iv = uj\i, i, ... i dx'^^dx''^ ■ ■ ■ dx*" 



'Qm 



^ V . x. ^ln i2 - i e """'"' ''" , , dx^^+'dx^^+^ ■ ■ ■ dx^-, 

where eii,i2,--- ,*« ^-^ " section of 'L2m{U) 

1 if (ii, ^2) • ■ ■ ) ^n) ^s «?! even permutation of (1, 2, • • • , n) 
— 1 if {ii,i2r ' ' ;^n) ^s an odd permutation of (1, 2, • • • ,n) 
otherwise 

ii,i2,---,ip ._ 7rii,ji7^2,i2 —'i-pJp 

jp+l,jp + 2,--- ,jn ' ^M iJM ' ' ' iJM '^jl,J2,--- ,jp,jp+l,jp + 2,--- ,jn- 

Here we will express dx^^dx^^ • • • dx*" by dx^^ A dx^^ A • • • A dx*" /or abbreviation. 



If necessary, we can introduce an orthonormal system [Mall] and then the definition of the Hodge 
star operator becomes simpler. 

Proposition 3.3. 



Proof. Direct computation gives the result. D 
Proposition 3.4. 

(1) Let wm is the volume form of {^m-,Qm) cind then 

*1m = wm G f^"(M), *u;m = 1m- 

(2) For P G T>M, there exists f G 0%^ such that Fq{wm • P) = fwM- 
Proof. From definition, (I) is obvious. Direct computations give (2). D 

Definition 3.5 (Adjoint Operator). 

For an open set U of M and P G Vm (U), we define the adjoint operator P^ as 

pt - *(*1m-P) = K^^^^^TP), 

where - means the complex conjugate. If P^ = P, we will call it self-adjoint operator. 
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Remark 3.6. 

We note that this adjoint operator can be expressed by the extension operation [Bjo, TH]. 

Definition 3.7. 

The Beltrami- Laplace operator A of the Riemannian module (M,Qm) is defined by 

Am = *d* d. 

Proposition 3.8. 

There is a local system C^ such that Qm{U) = r(f/,C^0Rj^^ ^m) ^'^ there is a basis {^i}i=i,... ,« 
of Clj{U),QM{U) = ®i=iC'^{U)ei for an open setU inM. 

Proof. From proposition 2.2, we can suppose that {a;*,3i}i<i<„ is a local coordinate system for 
an open set [/ of M such that [S^jX-'J = S]. Then Cidi {I < i < n,Ci £ Rm{U)) is an element of 
jr^iU) and e = Ei a^^, £ QuiU) a, G Ctj{U). U 

Inversely, for ^ = Yli ^-A G QiviiU), ai £ C%j{U) and di G £^, we can find a local coordinate 
system y* for V C (Uisupp(ai)) Pi U, such that £, = d/dy^ , where supp means the support of a^. 
This can be proved by solving the differential equation a^ = dy^ /dx^. 

Proposition 3.9. 

For a local coordinate (xi, ■ ■ ■ , x„) and inverse matrix If^ of its metric gMij 'md'g^ = QMidx'^,dx^), 
the Beltrami- Laplace operator is expressed by Am as Am = Qm ^^Sm ^m^j- 

Proof. For a local coordinate system, the volume form tt;^ is expressed by tt^M = Sm dx^ • • • dx"' . D 
Here we will define the Schrodinger system as a D-module related to the free Schrodinger equation 
-AmV' = 0. 

Definition 3.10 (Schrodinger System). 

We will define the Schrodinger system Sm by the exact sequence, 

O^Vm'-^Vm^Sm^ 0. 

As mentioned in the §1 introduction, we will give a lemma on the Weyl algebra and thus introduce 
half form, wave system and their related anti-self-adjoint differential operators as follows. 

Lemma 3.11. 

There exist elements {5i}i<i<„ G Cm such that they are of generators {a;*,5i}i<i<„ of Weyl 
algebra, [x^,dj] = 6j and {\/^di)^ / \f^di. 

Definition 3.12 (Half Form). 

We will define a sheaf of half form ^y^M '^^ C^ -module whose section over an open set U of M 
is given by f 'i^m.j^^ \/wm, where f G C^{U) and ^/wm is defined as follows 

(1) Wm ■■= {y/mlf = \/w^y/WM, 

(2) *y/wj^ = y/vm, 

(3) For 6 G Qm{U), the left handed action is given by 

0{^/w^) ■■= FQ{ey/w^) = -f^/vm, 

if Fo{Ueg{wM)) = fWM- 

(4) The right handed action is ^/wm • ^ = —S\/wm- 

(5) For a G Cm, Ou^wm = S{ct)^/wM + aO^WM- 
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We will denote Cm (SDrm V^m ^V V^m"'- 



If M is a Rieniannian surface with complex dimension one, y^Af" i^ essentially the same as 
the prime form. Further y/wM essentially appears in calculation of the gravitational or lorentzian 
anomaly in the elementary particle physics. Accordingly it is a natural variable. 



Definition 3.13 (Wave System JC%^) 



A C^ -module \ C'^ , called wave system, is defined by a closed presheaf of the bilinear morphism; 
for V'a G ^JC^{U) (a = 1, 2), #i • V2 G ^^"(f/)- 

We have the relation, 

*^{U) © ^{U) « f]^"(t/) « C-^ ■ wm{U). 



We note that \ C^ is isomorphic to C^ itself because basic field of C^ is a complete field C. 

Definition 3.14 (Anti-Self-Adjoint Connection V^^ of Wave System). 

Let us define an anti- self- adjoint connection V|^g G 7iomc'^^{£^,T{\/C'^)) by local relations 
for 9 G £^([/) and ,/U]^ G v^(^). 

Here we will denote a sheaf of set ofV^g by H|^. 

Proposition 3.15 (Local Expression of V^g). 

For a local coordinate system {x*,9i}i<i<„ such that [di,x^] = Sf, di (1 < i < n) is an element 
of C^, and wm is expressed by 

wm = \/gMdxidx2 ■ ■ ■ dXn, 

we have the local expression of V|^g of 6 = di cas e, 



Vm 9 = di + -jdi log gM = \/9M~^di^^. 
I 4 



Corollary 3.16 (Local Expression of V|^g). 

For the local chart in Proposition 3.15 and dan ^02; " " " ^^a) G Cl^{U), 



^ M d^y M d^' ""^ M d^ - y 9M ^da^da^-'-da^di^/gJJ 
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Proposition 3.17 (Anti-Self- Adjoint Connection V^^ ). 

For an open set U of M, a G C'f^{U) and tp G JC^{U), following holds. 



^ M ae — ^^ M 6 



(3) 

rwSA wSA 1 _ ^, 

M 



rvvSA ^SA 1 _ ^SA 



V|^g is an integrable connection if it is a global section. 

Proof. : Hence, (1) and (2) are obvious. For [di,dj] = 0, [di,dj]gM = 0. We obtain (4). D 

Definition 3.18 (Momentum Operator pg). 

Let U is an open set of M. 

(1) Let us define a momentum operator pg of 9 £ C^{U) , which consists of an integrable 
connection V^A^ e E^^{C^^){U) for 6 G Cl,{U), 

pe := V-^Vm e- 



:SA 



(2) Vm is CM-inodule generated by pe for 9 £ C^{U), i.e., Vm ^ \/— 1! 

Proposition 3.19 (Momentum Operator pe). 

(1) Pe of 6 £ CIj is self-adjoint, i.e., pi = pe. 

(2) The Beltrami- Laplace operator Am is locally expressed by 

Am = V^^.ffii^VSA^. + i(a, loggMmg'i,) 

+ -^a^Mididj loggM) + -^fliidi \oggM){dj loggiw)- 
and ^^M idii^^M j ~ ~Pi9MPj- Here we have used notations V||^j := V^g. and pi := pg.. 

Proof. : wm ■ V|^g^ = -Lieg^WM + -diloggMWM = wm{-0 - -diloggu)- From 3.15, (1) is 
obvious. By direct computation, we obtain ^Midii^Mj- '— ' 



Corollary 3.20. 

Am = PiS^Pi modulo FqCD 



M) 



Definition 3.21 (Momentum Operator q^). 

Let U is an open set of M . 
(1) Let us define a momentum operator qe of 9 £ C\^{U) , which consists of an integrable 

connection 9 ofV i U ,'HomK^j{C'%j ,1{^ ^'^'^)) \, 



(\e := V^de, 
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where for a £ C%j{U) and f./w^ G yJvi^{U), 

0{afy/w^) = 0{a)f,/w^ + ae{fy/w^), 
= 0{af)^/mA + afe{./w^), 
(2) Qm is a Cm -'module sheaf whose local section is q^. 

Remark 3.22 (Momentum Operator pg). 

Noting * for \/TIm is identity operator and we have the relation, 

We should modify the definition of \ and let qg be self-adjoint; c\g = qg. 
Proposition 3.23. 

Following categories are isomorphic. 
(1) Let A be a category whose objects are C^ -modules \ C^ and morphisms are elements of a 



differential ring sheaf Dp generated by Vm with coefficient \ C^ ~ C 



•-M 



(2) Let B be a category whose objects are C^^ -modules wi7^" and morphisms are elements of 
a differential ring sheaf Vq generated by Qm with coefficients C^ . 

In other words, there is an equivalent functor, ^m '■ (v^m'j'^-p ) ~^ (a/^M'-^q )• 

Proof. Let Cm : {\[c^,"^l^g) ^ {^^,0) for 6 in C%{U). From the assumption, there is 
no point p in M such that gMip) = 0. We denote *lp = ^gMdx"^ ■ ■ ■ dx"" =: ^/gMd"'x. Noting 



the proposition 3.15, for sections of ip C ndC^{U) and 9 G £^, the correspondences ■^m(V') = 

y/d^x^gM^) and CM(Vf^g) = S,m{\/ 9m~^G ^/Qm) = are bijection as a set due to non-degeneracy 
oi qm- Thus we wih check the commutativity of ^m and actions of derivative, i.e., ^m^^mi — (^i^M 
for = di case; CmIVSA.^) = Vd^^V|^.^ = Vd^^miVa^di^^g^)^; = Vd^di^mi^ = 
di^Mii')- We completely prove it. D 
Lemma 3.24. 

Let U be an open set of M. 

(1) There is an equivalent functor gm from V^ to T>^^ . For P G T>^, gj^ PQm ^ '^%.m ' 

(2) There is an equivalent functor 'om from V^ to "Ppj^^/ ^m '■= Cm ° ^m- For an element of 
PGV^iU),aiP)=P . 

(3) P' G Vq (U) locally has a standard form representation, 

(4) P' G "Dp ([/) locally has a standard form representation, 

(5) The functors aM cind o'm CL're extended to functors of the category of left Vj^ -modules and 
that of left Vq -modules or left Vj, -modules. 
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Proof. From the propositions 3.15 and 3.23 give the correspondences (1) and (2), whic h are es- 
sentially the same as the hermitianization known in the Sturm-Liouville operator [Arf] as showed 
in the introduction. For an element di of Qm{U), we have a local expression, aM{di) = V|;^j — 

{diloggM)/4: = QjIj bjvf (^i9M \9m ~ ^i- ^^^ expression of (3) can be obtained by expand- 
ing Qj^ d°'9M = 3°' + • • • . (4) is guaranteed from (3) and ^~^. Next we will show (5). For 
a quotient space M = V^/V^R oi R £ V^ and Pi, P2, Q & T^m such that P^ - P^ = QR, 
^m{Pi-P2) = 9mQ9ai9mR91^ = ^m{Q)^m{R)- Thus aM{M) can be defined as aM{M) := 
Vq /'Dq aM{R)- Similarly we ca n naturally define gm for general coherent module. D 

Due to the properties of au, we can mix aMiT^M) ^^d V^. In fact we did not discriminate 
them in the introduction and will not in [II]. However in this article, in order to see the action of 
ctm, we will explicitly express it. 

Corollary 3.25. 

(1) In the category B, we have local expression of (Tm{^m) = 9m ^m9m > 

GMi^Ki) = diglidi + -{dj log gM){di'g'li) 

+ -^liidi^j fogS-M) + —'<tM{di\oggM){dj loggu)- 

(2) aM^^M) agrees with proposition 3.19 (2), Am = aMiA.M)- 



§4. Schrodinger Operators in a submanifold S "-^W" 



Let S* be a fe-dimensional real analytic compact submanifold of E", ^5 : S* ^^ E" and Tg be its 
associated tubular neighborhood; is '■ S ^^ Ts and ixs : T5 "-^ E" such that is = ^Ts °^s- ^5 has a 
projection ttts '■ Ts ^ S. Since E" has a natural metric 0e" , Tg and S have Riemannian modules 
(i:^^^GE", VsSe") and {@s,t's^m")- Further we put i^(HfA(e^^)) := C^ O^-ic- ^s^^T^i^Ts)- 

The Schrodinger system Sts of T5 is given as Sts^E" '■= ^t '^E" •= ^Ts^E" ®i-^T> n ^t '^E" 
and 

Ss^Tg ■■= i*saTs{STs) := 0^5(^5) ®i-^aTg{VTs) ^'s^'^TsiSxs)- 
Further we will use the notations in §2 and §3 and will not neglect the action of a's. 
Proposition 4.1. 

(1) Fori*sSTs ■=^s(^i-^T>rJs^^Ts, 






(2) Let the anti- self- adjoint connection V| ■ G r(C/, i^HfA(©^ )) for an open set U in S. 
There is an injective endomorphism of the Schrodinger system Ss^Ts j 

V'^'' ■ ■Ss^Ts -^ ■Ss^Ts , 
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for P £ r{U,Ss^Ts), r]%°'^^iP) = -PV|^^ G T{U,Ss^Ts)- Then we have a submodule of 
<Ss^Ts, 

n 

a=k+l 

Proof. Due to the relation ts = ixs ° ^s^ (1) is obvious. From lemma 3.24, we choose elements Pi, 
P2 and Q in {iyoTsiT^Ts)) such that Pi = P2 £ Ss^Ts «-e., Pi - P2 = Q[i*saTs{^Ts)]- Noting the 
relation 

Q\i*saTs (AtJ] V|A^ = QV|A^ {i^ars (^Ts )] = in Ss^Ts ■ Thus it is injective. D 
Definition 4.2. 

(1) We will define a coherent igaTsiJ^Xg) -module S^ in Ts by the exact sequence, 

conf II 

{■Ss^TsT' > ■Ss^Ts > ■^S^Ts ^ 0- 

(2) We will define a coherent Vs -module by 

C 7:F-1"cII 

Let us call it submanifold Schrodinger system. 

(3) When the submanifold Schrodinger system Ss^^E" is decomposed by the exact sequence, 

— > Vs — > T>s — > Ss^^v.^ — > 0, 
where As,_^e" — ^s G FoT^s, we will call As,_^e" the submanifold Schrodinger operator. 

Proposition 4.3. 

(1) Ss^^E" is uniquely determined. 

(2) The definitions in 4-2 are naturally extended to a submanifold immersed in E". 

Proof. From the definition which does not depend upon the coordinate system, (1) is obvious. 
When we construct As^^E" and others, we used only local date. Hence (2) is also obvious. D 

Now we will state our main theorem in this article. 

Theorem 4.4. 

(1) k = 1 and n = 3 case, S is curve C, 

-Ac7^E3 = -d^ - -|kcP, 
where s is the arclength of the curve C, K£ is the complex curvature of C, defined by 
Kc = k{s) exp I \/^ / rds J using the Frenet-Serret curvature k and torsion r. 

(2) k = 2 and n = 3 case, S* is a conformal surface, 

-As^E- = -As-{H^-K), 

where H and K are the mean and Gauss curvatures. 
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These operators agree with the operators obtained by Jensen and Koppe [JK] and da Costa [dC]. 
Investigation of these equations might mean the properties of these submanifolds. Similar attempt 
was done [HL] for — A5 — 2H^ but these operators are more natural because they are related to 
Frenet-Serret and generalized Weierstrass relations [II]. 



In order to prove theorem 4.4, we will set up the language to express the submanifold system. 
We will note that these concepts of differential geometry, such as the Christoffel symbol, curvature 
and so on, are translated to language in sheaf theory by Mallios [Mall, 2]. Thus although we will 
use them in classical ways, they could be written more abstractly if one prefers. 

An affine vector in E"" is given by {Y^,Y'^, • • • , Y"") as the Cartesian coordinate system and in 
its tangent space TpE", the bases are di := d/dY^, i = 1,2,- • • ,n, < di,dY^ >= 6j. Here Latin 
indices i,j, k, are for the Cartesian coordinate of E". ©e" = C|'„ (X>Mj,„ C^n- The Riemannian metric 
3e" in the euclidean space is given as 

0E" =SijdY'(g)dY\ 

Let the equations Q'^{Y^,Y^, • • • , Y"-) = 0, (a = 1, • • • ,d = n — k expre ssa surface of S; the 
Pfaffian is expressed by dQ" = O's and by Frobeni us integrable theorem, there are vector fields 
given by the bases da '■= d/ds"" which are satisfied with 

<5„,dQ">=0, forVaVd. 

Hence the local coordinate of the submanifold is given as (s^, s^, • • • , s'^) or (s°). Let us employ 
the conventions that the beginning of the Greek (a, /?, 7, • • • ) runs from 1 to fc and it with dot (d, 
/3, 7, • • • ) runs form A; + 1 to n. 

Notation 4.5. 

(1) A point p in Ts is expressed by the local coordinate (u^) := (s-^, s^, • • • , s^, q^^^, • • • , q^), 
fi = 1,2, ••• ,n wher e {s-^,--- ,s^) is a local coordinate of tttsPj ^^ assume that the 
beginning of the Greek (a, f3, j, ■ ■ ■ ) runs from 1 to k and they with dot (a, f3, j, ■ ■ ■ ) runs 
form k + 1 to n). 

(2) Let {u^) = (s",(?"), where the middle part of the Greek (^, v, \, • • • ) run from 1 to n. 

(3) ea := da '■= d/ds°' is a base ofQs{U)- For Ga £ ^-5 Oe"(^); ^a is expressed by ea = e^a^i- 

(4) Using < ea,el^ >= 6^, e^ = ds^ G ^U^)- 

(5) Ba ■= da '■= d/dq"" is a base of Qg±{U). For e^ G ig^@¥,"{U), e^ is expressed by e^ = 
p* d- 

(6) Let (^5"'^0E")(e^,e,^) = ^i^jC^ a^\ = gE"n,iy Then we have induced metric Qts •= ^Ts0E" 
and Qs '■= I's^Qe"- Then we will express gs by the relation, 

Qs = Ls^{Si,jd{x') d(x^')) = gs,afids" ds^, 

where 



9s,af5 '■— Qs{da,dp,) :— ig 0E"(eQ,e^). 
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Proposition 4.6. 

Let Vs^Ts ■■= C% ®,-.c- (Is'^TsCDts)- 

(1) For an element P of left T>s^Xs'''^odule Ss^Ts^ there exists Q G WtsSt^ such that P = 
Q\q°'=Q, a=k+i,--- ,n fof CL normal coordinate {q", a = k + 1,- ■ ■ ,n). 

(2) For an element P of left Ds -module Sg^^s' there exists Q G Ss^Ts such that P = 

Vlvg,-^ =0, di=k + l,--- ,n- 

(3) Ago^jE" is uniquely determinded. 

Proof. (1) and (2) are obvious from the definition 4.2. Since we tuned A^-^e" using As, there is 
no multiphcative freedom. From propositoon 4.3 (1), (3) is obvious. D 

Proposition 4.7. 

An affine vector (coordinate) Y = (y*) in Ts C E" is expressed by, 

Y = X + e^g°, 

for a certain affine vector 'X. of S. 

Proof. By setting X = Trj^gY, it is obvious. D 

For a case of immersion, this expression is not unique but locaUy unique. 

Proposition 4.8. 

For U C Ts, the induced metric of Ts from E" has a direct sum form, 

^Ts '■= VqflE" =0^11 © 0T^, 
where gj'± is trivial structure. In local coordinate, 

STgh = ^a,0^(l" © d/, 0^11 = 5fTsa/3ds" (g) ds^ , 

or for gTsfi,u ■= 9ts (^m' ^'^) 
where d^ := djdu^ . 



In order to prove this proposition and to give a concrete expression of 0511 using gg and q"" , we 
win consider the intrinsic and the extrinsic properties of S* C E" e.g., the Weingarten map [E,G]. 



Proposition 4.9 (intrinsic properties). 

We can define the Riemannian connection consisting with this metric 05 for 0,^ & ©s, 



De^ := d^ - gs{0^,ei)e^gj,^ 



«,/3 



where g^ is the inverse matrix oi gj, ^ i. 
Proof. See chapter 12 and 13 in [G]. D 
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Proposition 4.10 (Weingarten map). 

For a base e^ of Qs and e^ G i~^ 6e") da^M is an element of ig @e" o,nd is expressed by 

d^e^ = 7^(5„) = 7"^^e^ + I'^^^e^, 1^^^ := 55(7^(9^), e^). 

—7/3 : ©s -^ i^s ®IE" is called as the Weingarten map. 
Proof. See chapter 12 and 13 in [G] and p. 162-164 in [E]. D 

Proposition 4.11 (Second fundamental Form). 

The second fundamental 7"^^ := gsidaGf3,^g) is connected with the Weingarten map, 



.7 



7V = -Qs{ef3,r^^e-f), 7°^^ = -gs,(5jj 
Proof. [E] Due to Qsi^aj^s) = and d(jQs{ea,ei) = 0, we prove it. D 



Lemma 4.12. 

There exist the normal vectors e^ G B^x satisfied with, 



9a e^ = Taa^fi- 



Proof. Let (7, e) in proposition 4.11 be rewrite (7,e). From the proposition 4.11, the derivative of 

a general normal orthonormal base e^ is given as da^A = 1 acfil3- + 7 aa^fl- 
FromgE^lea, e^) = 5a,b, for 6* G Qs{U), i.e., 9 = f"da atU C S, 0E"(c^Qe^, e^) = -0E"(e^, ^Qe^), 

we have 7^q, = — 7"i ) and 7'^Q, = (not summed over a). In other words, there are k{n — k){n — 



Pa 

fre( 
transformation so that 



k — l)/2 degrees of freedom; 7"- for a = 1, • • • ,k. Thus we will employ an element G of SO(n — A;) 
It is obvious that the solution of this differential equation locally exists, e.^., 

G,, = f '°'f " '"/i , := r^ ds' r,, + r^ ds' n, + • • • + r" d.^ r,^. 

"/3 \^ sm 6* COS 6* y ' J ^^ J f^^ J '^^ 

The topological structure of E" is simple and the normal bundle of S exists if the submanifold S 
is not wild. From the assumptions on S, there is no singularity in S. Thus these solutions globally 
exist. This transformation is sometimes called as Hashimoto transformation. D 
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Lemma 4.13. 

The moving frame of Ts, E^ = vr^ (9^) G 0^^ Tm = 1, • • • , n), is expressed by E^ = E^ di G 



irp 0En and 






Proof. Using proposition 4.7, direct computation leads this result. D 

Proof of Proposition 4.8. 

Lemma 4.12 and Qts = E'^^E'^^dx'^ (X" dx^ lead the result in proposition 4.8. D 



Its inverse matrix is denoted by {E^j). 
Corollary 4.14. 

(1) The metric in Ts is expressed as 



5 7 l„<i„/3 



5^11 (5a, 9/3) = gsaf3 + b\a9S-ff3 + 9Sa^l%]q°' + [T aadSSfJ^'^p] 

(2) 9Ts ■=detnxn{gTs,M.-i') is qts = <ietkxkigrpii^^f^) and 
S-Ts = 5s{l + 2trfcxfc(7°d/3)9" 

'2trkxk{rap)t^kxk{l%) - trfcxfc(7'a/37%)] g"/ + 0(g"/g^) + • • • } 



+ 



Example 4.15. 

(1) In coordinate, for the case of n = 3, A; = 1; 



5^11 = 5s(l - l^clq^ + \Kc\^{q^ff, 

where kq := 7'^i2+\/~l7^i3 is the complex curvature of C. Here Kc = i'^{s) exp { \/— 1 / rds ] 

is also given by the Frenet-Serret curvature k and torsion r. 

(2) In coordinate, for the case of n = 3, A; = 2; 

5^11 =gs{l-2Hq^ + K{q^ff, 

where H := tr(— 7^^)/2 is the mean curvature and K := det(— 730) is the Gauss curvature. 

(3) In coordinate, for the case of n > 3 and k = 2; 

QTs = gs{l+t^2{l%p)q'' +tr2{-l%)q' +K{q\q^)f. 
We will denote 

We can introduce the "complex mean curvature" for n = 4 case, 

H, = Hi + \H2. 
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Proof. Since g \\ = {det{daX^)y , we obtain (1) after calculation of det{daX^) using the fact that 

-'s 
for a 2 X 2 matrix A, det(l + ^) = 1 + tr^ + det^. Similarly we have (2) and (3). D 



Lemma 4.16. 

Sg^j'^ can be expressed by 



where 



Homjy^^iSl^Ts^CTs) = { ^ G C^J A^^^^^ = 0}, 



~a/3| 

^Lts =^s- 4^ (trfcx.(7%)) (trfcxfc(7%)) 



Proof. From the proposition 4.6, we have A^^Ts = ATs|q(i=o,(i=fc+i,--- ,n- Proposition 3.19 gives 

^Ts = "^T^.imrvl^t + i(^M log gTs)id,g^:) 

+ -^Qts (^m^;^ log 9Ts ) + Y^9ts (^m log 9Ts ) (9,. log grs ) • 
Since for n,m £7,, we have the relation d'^d'T'g^w = d^dj^gs modulo (7", n^^As is given by, 

+ jida log gTs) {da Qts) + -^9Tsi^»df3 log gTs) 

+ Y^9ts (da log ffTs ) {df3 log fiTTs ) modulo q" . 

By noting tt^ A^I^ = A5 and proposition 4.8 and by computing the remainder of Ats — t^t A5, 
we obtain 

~af3, 

As^Ts =As + V|^ j5T,)"^V|^^|s - 7^ (trfcxfc(7%)) (trfcxfc(7%: 



4 ffs 



+ :. I ^^^tr,x.(7'^^7%) 



9s 
Prom the proposition 4.6 again, we have AJ^^^ = A^glySAti^Q a=k+i ■■■ n '-' 



Proof of Theorem 4.4. 

Direct computations of the operator in 4.16 leads us to obtain the theorem 4.4 noting the 
examples 4.14. D 
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